In this paper, by using critical point theory, we establish some results for the existence of periodic and subharmonic solutions to subquadratic discrete Hamiltonian systems.
Introduction
Let N, 2, K be the set of all natural numbers, integers and real numbers respectively. Suppose that H(n, X\,x 2 ) is m-periodic in the first variable n where m is a positive integer. We are interested in the existence of w-periodic solutions of (1.1). For any positive integer p, a pm-periodic solution of (1.1), as usual, is also called a subharmonic solution of (1.1).
We may think of system (1.1) as being a discrete analogue of the following Hamiltonian system:
\ = -H y (t,x(t),y(t)), = H x (t,x(t),y(t)),
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Zhan Zhou, Jianshe Yu and Zhiming Guo [2] which has been studied extensively by many scholars. In particular, by using critical point theory, P. H. Rabinowitz, V. Benci, J. Mahwin and K. C. Chang etc. have obtained some significant results for the existence of periodic and subharmonic solutions of (1.2). We refer the reader to [4, 6, [12] [13] [14] [15] and references therein for further details.
Since the behaviour of a discrete system is sometimes sharply different to the behaviour of the corresponding continuous system (see, for example, [1, 16, 17] ), many scholars have investigated discrete Hamiltonian systems for the disconjugacy, boundary value problems, oscillations and asymptotic behaviour of (1.1) [3, 5, 7, 8, 11] . Only very few papers deal with the existence of periodic solutions even to general difference equations, see for example [2, 9, 16, 17] . As is well known, critical point theory is an important tool for dealing with the existence of periodic solutions of differential equations. It is natural for us to think that critical point theory may be applied to prove the existence of periodic solutions of system (1.1).
In this paper, we will consider the existence of periodic and subharmonic solutions of system (1.1) by using critical point theory.
Let Then for any positive integer p > 0, system (1.1) possesses at least one nonconstant pm-periodic solution.
The remaining part of this paper is organised as follows. In the next section, we will find a functional F such that the critical point of F corresponds to the periodic solution of system (1.1). In Section 3, by using critical point theory, we will prove that F possesses at least one critical point and an illustrative example is also given.
Zhan Zhou, Jianshe Yu and Zhiming Guo [4] 2. Some basic lemmas Let 5 be the set of sequences x = {x(n)} neI , that is,
For any x, y e 5, a, b e IR, ax + by is defined by ax + by = {ax(n) + by(n)}.
Then 5 is a vector space. For any given positive integer p, m, E pm is defined as a subspace of 5 by
We note that E pm can be equipped with the inner product (•, 
where (•, •) denotes the usual inner product and | • | denotes the Euclidean norm in
We define the functional F on E pm as follows:
for all JC 6 E pm , where Lx(n) = (/('"%), ^ = (" V) i s t n e standard 2rf x 2d sympletic matrix and / is the d x d identity matrix.
By a simple computation, we can get [51
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pm .
•where* € E It is clear now that the problem of finding a pm-periodic solution of (1.1) has been reduced to that of seeking the critical point of the functional F defined on E pm . Now we will discuss the existence of a critical point of F. To this end, for any
for; = 1 , 2 and let
Define a map <\> from E pm to OS 
, 
Let X be a real Banach space, / e C\X, K), that is, / is a continuously Frechet differentiable functional defined on X. The functional / is said to satisfy the PalaisSmale condition (P-S condition) if any sequence {«"} c X for which {/(«")} is bounded and /'(«") -> 0(n -> 00) possesses a convergent subsequence in X.
Let B r denote the open ball in X about 0 of radius r and let dB r denote its boundary.
LEMMA 2.1 (Saddlepoint theorem (see [15] )). Let X be a real Banach space, X = X x ffi X 2 , where X x ^ {0} and is finite dimensional. Suppose I e C\X, R) satisfies the P-S condition and We will first show that F satisfies the P-S condition. In fact, suppose that {*
} is a sequence in E pm such that for any it e 2(1), |F(* (t) )| < M 2 for some positive constant M 2 
and F'(x ik)
) -» 0 as k -> oo, then for sufficiently large it, \{F'(x w ), x)\ < \\x || 2 .
Let jc (t) = /*> + w (k) According to (2.6) and the periodicity of H, we have Since H(n -1, Lw«\n)) = H{n-\, z (k) ), we have H{n -1, Lw«\n)) -+ +oo as k ->• oo. This contradicts the fact that { YZ2i H(n-1, Lu) w («))} is bounded. Now we will check that the conditions (10 and (I 2 ) in the Saddlepoint theorem hold. 
where 0 e (0, 1). According to (H 3 ), it is easy to see that H(n,z) is bounded from below for n 6 Z and z 6 R M . That is, //(n, z) > M 3 , for all (n, z) e 2 x K u for some constant M 3 . Thus , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100009792 Zhan Zhou, Jianshe Yu and Zhiming Guo [10] Clearly, F e C\E pm , R). Let ),x)\ < ||x|| 2 for *€Z(*b),je eE pm .
Since
we see that, for k e 2(ko), 
In view of (1.3), we have 5 .
By (1.4) and (2.8), we get
where
Because y e (1, 2), we see that {||AC W || 2 } is bounded. Since E pm is finite dimensional, [x (k) ] has a subsequence which is convergent in E pm . Therefore F satisfies the P-S condition. Now we prove that F satisfies (Ii) and (I 2 ). To this end, let Xi = E~m and This shows that F satisfies the condition (Ii). For any v e X u similar to the proof of Theorem 1.3, we have F(v) -*• -oo as II v || 2 -»• co. So, there exists a sufficiently large constant p such that F(v) < co -1 for u e X], ||u|| = p, which implies that F satisfies the condition (I 2 ). Therefore F possesses a critical value c > co > 0. The proof of Theorem 1.4 is complete.
• Finally, we give an example to illustrate our conclusions. 
So, (H 9 ) holds. According to Theorem 1.4, we see that, for any given positive integer p, the system (1.1) with H as defined in (3.4) possesses at least one nonconstantpm-periodic solution.
